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In this note, we give an improvement on the Bergman kernel for the domain {(w, z) ∈Cm×
C
n: ‖w‖2pm +‖z‖2n < 1}. As an application, we describe how the zeroes of the kernel depend
on the deﬁning parameters p,m,n. We also consider the domain {{(w, z) ∈ C2: |w|4 +
|z|4 < 1}.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and main result
Let Ω be a bounded domain in Cn and L2(Ω) denote the space that consists of all the square-integral functions as-
sociated to the Lebesgue measure dV . Let L2h(Ω) := L2(Ω) ∩O(Ω). The Bergman kernel K (z, w¯) of the domain Ω is the
unique sesqui-holomorphic functions satisfying the skew-symmetry property that K (z, w¯) = K (w, z¯) and the reproducing
property that f (z) = ∫
Ω
f (w)K (z, w¯)dV for any f ∈ L2h(Ω). Equivalently, K (z, w¯) =
∑+∞
j=0 ϕ j(z)ϕ j(w), where {ϕ j}+∞j=0 is an
orthonormal basis for the Hilbert space L2h(Ω) with respect to the Lebesgue measure dV . In [1] Lu Qi-Keng indicated that
in many concrete examples of bounded domains, KΩ(z, w¯) = 0 for all z,w ∈ Ω , and considered the open problem whether
the above property is generally true. M. Skwarczynski [2] called this problem Lu Qi-Keng conjecture in 1969 and gave the
following deﬁnition:
Deﬁnition 1. A domain Ω ∈Cn is called a Lu Qi-Keng domain if KΩ(z, w¯) = 0 for all z,w ∈ Ω .
Obviously, a biholomorphic image of a Lu Qi-Keng domain is a Lu Qi-Keng domain due to the rule of the Bergman kernel
transformation between two biholomorphic equivalent domains. A Cartesian product of two Lu Qi-Keng domains is a Lu
Qi-Keng domain. If KΩ = const and Ω is the sum of an increasing sequence of Lu Qi-Keng domains Ωm , then Ω is a Lu
Qi-Keng domain due to the Ramadanov theorem and Hurwitz theorem.
However, it is not always easy to determine whether or not a given domain is Lu Qi-Keng domain. In 1969, M. Skwar-
czynski [2] gave the ﬁrst example that the Bergman kernel on an annulus in the complex plane Ω = {r < |z| < 1} has zeros
if 0< r < e−2. Since then many counterexamples appeared. In 1996, Harold P. Boas [3] proved that the bounded domains of
holomorphy in Cn whose Bergman kernel functions are zero-free form a nowhere dense subset (with respect to a variant
of the Hausdorff distance) of all bounded domains of holomorphy. Thus, contrary to many expectations, it is the normal
situation for the Bergman kernel function of a domain to have zeroes. For more details, see the survey articles [4] and [5].
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Ω
(p,q)
m,n :=
{
(w, z) ∈Cm ×Cn: ‖w‖2pm + ‖z‖2qn < 1
}
were under consideration frequently, where ‖ • ‖m is the standard Hermitian norm in complex Euclidean space and p,q are
positive real numbers. For instance, Boas, Fu and Straube [6] proved there exists a strongly convex domain in Cn(n  3)
which is not Lu Qi-Keng by computing the kernel for Ω
(p, 12 )
1,1 = {(w, z) ∈ C× C: |w|2p + |z| < 1} has zeroes if and only if
1/p > 2. Applying the deﬂation theorem stated in [6] we are led quickly to that Ωm,n := {(w, z) ∈ Cm × Cn: ∑mk=1 |w|2 +∑n
k=1 |z| < 1} is not Lu Qi-Keng iff m + 2n > 4 [7]. Using this result, Nguyên Viêt Anh [8] exhibited a strongly convex
algebraic complete Reinhardt domain which is not Lu Qi-Keng in Cn for any n 3.
When m = q = 1 and 2p  1 is not an integer, as an application of a theorem due to M. Englis˘ [9] and an improvement
by B. Chen, Chen [10] proved there exists a constant n(p) depending on p such that for all n > n(p), the domain Ω p,11,n =
{|w|2p + |z1|2 + · · · + |zn|2 < 1} is not Lu Qi-Keng. A similar argument as in [6] immediately shows that {|w|2p + |z1| + · · · +
|zn| < 1} is not Lu Qi-Keng iff n [n(p)/2] + 1, where [n(p)/2] produces the integer part of n(p)/2.
In both the above cases, how zeroes of the Bergman kernel depend on the increasing of the dimension of the vector
z = (z1, . . . , zn) are described. The purpose of this paper is to consider the increasing of the dimension for w . We have
Theorem 1. (1) For ﬁxed n and p, there exists a constant m0 =m0(n, p) such that the domain
Ω
(p,1)
m,n :=
{
(w, z) ∈Cm ×Cn: ‖w‖2pm + ‖z‖2n < 1
}
is Lu Qi-Keng for all m >m0 .
(2) For m and n ﬁxed, the zero set of the Bergman kernel for the domain Ω(p,1)m,n accumulates at a boundary point (z0, z0),
z0 ∈ ∂Ω(p,1)m,n when k tends to inﬁnity.
2. Proof of the main result
Let us recall the closed form of the Bergman kernel for the domain
Ω
p
m,n =
{
(w, z) ∈Cm ×Cn: ‖w‖2pm + ‖z‖2n < 1
}
,
which was ﬁrstly computed explicitly by D’Angelo [11]. The formula is
K
(
(z,w), (z,w)
)= n+1∑
k=0
dk
πm+n pn
Γ (m + k)(1− ‖z‖2)−n−1+ kp
((1− ‖z‖2) 1p − ‖w‖2)m+k
(2.1)
where the constants dk depend on k,n,m, p and can be deduced by evaluating the parameter y of the equality (2.2) at the
negative integers
n∏
l=0
(y + pl) =
n∑
k=−1
dk+1
k∏
l=0
(y + l). (2.2)
Obviously the constants d0 = 0 and dn+1 = 1. Actually, once we denote by f (y) =∏nl=0(y + pl), then the constant d j is
uniquely determined in terms of d1, . . . ,d j−1. That is
(−1) jΓ ( j + 1)d j = f (− j) −
j−1∑
k=0
(−1)kdk Γ ( j + 1)
Γ ( j − k + 1) . (2.3)
For examples,
d1 =
n∏
l=1
(pl − 1), d2 = 1
2
n∏
l=0
(pl − 2) −
n∏
l=0
(pl − 1).
Now we give an improvement of the equality (2.3) and get a more precise formula for computing the constants d j . In
fact we have
Lemma 1. The constants d j can be obtained by
Γ ( j + 1)d j =
j∑
k=0
(−1)k
(
j
k
)
f (−k), j = 1, . . . ,n + 1 (2.4)
where Γ (n+ 1) = n! and f (y) =∏nl=0(y + pl) is a polynomial of degree n+ 1 in y. Moreover, d j is a polynomial of degree n− j + 1
in p and the highest degree term is positive.
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Assume the above notations. The formula (2.2) is
f (y) =
n+1∑
j=1
d j
Γ (y + j)
Γ (y)
. (2.5)
Denote by φk(y) = (y)k = Πkj=1(y + j − 1) and assume φ0 = 1, then (2.5) can be rewritten as
f =
n+1∑
k=1
dkφk. (2.6)
Now we consider the operator 	 on a polynomials Q , deﬁned by
(	Q )(y) = Q (y) − Q (y − 1). (2.7)
Then 	Q is of degree k − 1 if Q has degree k. Also one veriﬁes easily
	φk = kφk−1, 	φ0 = 0. (2.8)
This implies
	 j f =
n+1∑
k= j
k(k − 1) · · · (k − j + 1)dkφk− j (2.9)
and
(
	 j f
)
(0) = Γ ( j + 1)d j . (2.10)
On the other hand, one deduces from iteration of (2.7) that
(
	 j f
)
(y) =
j∑
k=0
(−1)k
(
j
k
)
f (y − k). (2.11)
Therefore,
d j = (	
j f )(0)
Γ ( j + 1) =
j∑
k=0
(−1)l f (−k)
Γ (k + 1)Γ ( j − k + 1) (2.12)
and we have proved the ﬁrst part of the theorem.
Observe that the polynomial f can be rewritten in another form
f (y) =
n∏
l=0
(y + pl) =
n+1∑
j=1
b j y
j . (2.13)
It is easy to ﬁnd that each b j is a positive polynomial in p, with the degree n + 1 − j. Applying the property (2.9) of the
linear operator 	, it’s not hard to check that
d j = (	
j f )(0)
Γ ( j + 1) (2.14)
is a polynomial with the same degree n + 1− j in p as b j since that the degree of b j in p is monotonically decreasing.
Remark 1. The original idea happened when Lu Qi-Keng’s problem was considered on Cartan–Hartogs domains, so the proof
is also valid for all Cartan–Hartogs domains.
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Note that the zero set is a bi-holomorphic invariant object. Therefore, we need only consider the zeroes restricted to
w-axis since any point (w, z) ∈ Ω pm,n can be mapped equivalently onto the form (w˜,0) [12]. Now the Bergman kernel off
the diagonal, restricted to w-axis is
K
(
(w,0), (ξ,0)
)= n+1∑
k=1
dkΓ (m + k)
πm+npn
(1− t)−(m+k), (2.15)
where t = 〈w, ξ¯ 〉 ∈ D , the unit disc in the complex plane C. Multiply both sides by (1− t)m+n+1, we consider the following
complex-valued polynomial
F (t) :=
n+1∑
k=1
dkΓ (m + k)(1− t)n+1−k. (2.16)
We know that dn+1 = 1. So if we could ﬁnd a constant m0 such that
Γ (m + n + 1) >
∣∣∣∣∣
n∑
k=1
dkΓ (m + k)(1− t)n+1−k
∣∣∣∣∣ (2.17)
holds on the boundary ∂D of the unit disc D , then F (t) has no zeroes interior of D due to the classical Rouché theorem.
Notice that n and p are ﬁxed here, we extend the right side of (2.17) such that
Γ (m + n + 1) > M0Γ (m + n)2n+1, (2.18)
where M0 = max{|d1|, . . . , |dn|} × n is a constant since d j depend only on n and p in terms of the formula (2.4). Then the
inequality becomes
m + n > 2n+1M0 (2.19)
and this means we can choose the constant m0 = 2n+1M0 − n which complete the proof of the ﬁrst part.
Again we consider the complex polynomial
F (t) :=
n+1∑
k=1
dkΓ (m + k)(1− t)n+1−k, t ∈ D.
The lemma tells us that the constant d j is a polynomial of degree n− j+1 in p. Hence d1 has the highest degree n. Divided
by pn the polynomial becomes
Γ (m + 1)(1− t)n +
n+1∑
k=1
kΓ (m + k)(1− t)n+1−k
where k tends to 0 as p → +∞. This shows zeroes of F (t) are close enough to the root of (1− t)n = 0, i.e. t = 〈w, ξ¯ 〉 → 1
which means w, ξ go to some boundary point z0 ∈ Ω pm,n .
Remark 2. It is interesting to ﬁnd the critical value m0. In some lower dimension cases, we will give the concrete number
m0 in virtue of Routh–Hurwitz theorem.
3. Applications of the Bergman kernel formula
Let y = (1− t)−1. Then the Bergman kernel formula (2.15) becomes
K
(
(w,0), (ξ,0)
)= n+1∑
k=1
dkΓ (m + k)
πm+npn
ym+k. (3.1)
Denote by
G(y) =
n+1∑
k=1
dkΓ (m + k)yk−1,
then the Bergman kernel K ((w,0), (ξ,0)) has no zeroes inside the unit disc if and only if all roots of G(y) locate at the half
plane Re y  1 .2
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f (λ) = G
(
λ + 1
2
)
=
n+1∑
k=1
dkΓ (m + k)
(
λ + 1
2
)k−1
,
then the domain Ω pm,n is Lu Qi-Keng if the polynomial f (λ) is stable. A real polynomial is said to be stable if all its roots
lie in the left half plane. We need the following Routh–Hurwitz theorem [13], which was kindly communicated to us by
G. Roos:
Theorem 2. Let f (λ) = λn + b1λn−1 + · · · + bn−1λ+ bn be a real polynomial of degree n with respect to λ. Then f (λ) is stable if and
only if
	1 > 0, 	2 > 0, . . . , 	n > 0,
where
	k =
∣∣∣∣∣∣∣∣∣∣
b1 1 0 0 0 0 · · · 0
b3 b2 b1 1 0 0 · · · 0
b5 b4 b3 b2 b1 1 · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
. . .
.
.
.
b2k−1 b2k−2 b2k−3 b2k−4 b2k−5 b2k−6 · · · bk
∣∣∣∣∣∣∣∣∣∣
.
3.1. The case n = 1
In this case, the polynomial G(y) = d1Γ (m + 1) + d2Γ (m + 2)y, where d1 = p − 1, d2 = 1. The zero of G(y) is y = 1−pm+1 ,
i.e. t = p+mp−1 lies outside of the unit disk that means Ω pm,1 is Lu Qi-Keng.
3.2. The case n = 2
The polynomial is f (λ) =∑3k=1 dkΓ (m + k)(λ + 12 )k−1, where d1 = (p − 1)(2p − 1), d2 = 3(p − 1), d3 = 1 due to the
lemma. Applying Routh–Hurwitz theorem, one gets immediately that Ω pm,1 is Lu Qi-Keng if and only if
(1) m = 1, p  1/2;
(2) m = 2, p  1/4;
(3) m 3 for all p > 0.
3.3. The case n = 3
The polynomial is f (λ) = ∑4k=1 dkΓ (m + k)(λ + 12 )k−1, where d1 = (p − 1)(2p − 1)(3p − 1), d2 = (p − 1)(11p − 7),
d3 = 6(p − 1), d4 = 1 by the lemma. Then the domain Ω pm,1 is Lu Qi-Keng if and only if
(1) 1m 5, p  pm , where pm is the unique positive root of 	3 = 0;
(2) m 6 for all p > 0.
3.4. The case n = 4
The polynomial is f (λ) = ∑5k=1 dkΓ (m + k)(λ + 12 )k−1, where d1 = (p − 1)(2p − 1)(3p − 1)(4p − 1),
d2 = 5(p − 1)(2p − 1)(5p − 3), d3 = 10(p − 1)(8p − 5), d4 = 24(p − 1), d5 = 1 by the lemma. Then the domain Ω pm,1 is
Lu Qi-Keng if
(1) m = 1, p √6/3;
(2) m 8 for all p > 0.
In higher dimensions one can still use Routh–Hurwitz theorem besides that the computation is a little more complicated.
The interesting thing is whether we can ﬁnd the relation between the critical value of p and the geometry condition, for
example the curvature et al. We hope to investigate this matter in future work. For more details on Lu Qi-Keng’s problem
on some Hartogs domains ﬁbred over bounded symmetric domains in Cn , see [14].
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To ﬁnd a geometrically convex domain in C2 whose Bergman kernel has zeroes is still open [4,6,7]. The kernels for some
known convex examples in C2 are all zero-free. For instance, the bounded symmetric domains in C2, i.e. the 2-dimensional
unit ball and the bidisc, are both Lu Qi-Keng. The minimal ball {z ∈ Cn: ‖z‖2 + |z · z| < 1} introduced by P. Pﬂug is Lu
Qi-Keng for n = 2 [15]. In this case, the 2-dim minimal ball is bi-holomorphic equivalent to the domain {|z1|+ |z2| < 1}. The
symmetrized bidisc G2 := {(λ1 +λ2, λ1λ2): λ1, λ2 ∈ D} is Lu Qi-Keng since its explicit Bergman kernel is obtained in [16]. As
stated in Section 3, the Thullen domain Ω(p,1)1,1 = {|w|2p + |z|2 < 1} is also a Lu Qi-Keng domain for p > 0. All the concrete
examples inspire us to investigate the complex ellipsoid Ω(p,q)1,1 = {(z,w) ∈ C2: |w|2p + |z|2q < 1}. In this section we will
give an explicit formula for the Bergman kernel restricted to either z-axis or w-axis. It is indeed the weighted Bergman
kernel of the unit disc.
Assume Ω is a domain in Cn , and Ω̂ is a Hartogs domain in Cn+m with base Ω , that is,
Ω̂ = {(z, ξ) ∈ Ω ×Cm: ‖ξ‖2 <ϕ(z)}
where ϕ is a positive function on Ω and ‖ · ‖ is the Euclidean norm. The relation between the Bergman kernel of Ω̂
and the weighted Bergman kernel of Ω was shown ﬁrstly by Forelli and Rudin [17] for Ω the unit disc and the weight
ϕ(z) = 1− ‖z‖2, and by Ligocka [18] in general, that
KΩ̂
(
(z, ξ), (w, η)
)= m!
πm
∞∑
k=0
(m + 1)k
k! 〈ξ,η〉
kKΩ,ϕk+m (z, w¯),
where KΩ,ϕk+m denotes the weighted Bergman kernel of Ω with respect to the weight ϕ
k+m . It follows immediately that
KΩ̂
(
(z,0), (w,0)
)= m!
πm
KΩ,ϕm (z, w¯). (4.1)
Therefore, the restriction of the Bergman kernel for Ω(p,q)1,1 to z-axis is just the weighted Bergman kernel (denoted
by Kp,q) for the unit disc with respect to the weight ϕ(z) = (1− |z|2q)
1
p . The square of the norm of the monomial zk with
the weight factor ϕ(z) is
2π∫
0
1∫
0
r2k+1
(
1− r2q) 1p dr dθ = π
q
B
(
k + 1
q
,
1
p
+ 1
)
where B is the Beta function deﬁned by B(x, y) = Γ (x)Γ (y)/Γ (x + y). Then by the deﬁnition of the Bergman kernel we
have
Kp,q(z, w¯) = q
π
∞∑
k=0
(zw¯)k
B( k+1q ,
1
p + 1)
= q
π
∞∑
k=0
Γ ( k+1q + 1p + 1)
Γ ( k+1q )Γ (
1
p + 1)
(zw¯)k.
Let q = 2 ﬁrst, the weighted Bergman kernel can be split into two terms
π
2
Kp,2(z, w¯) =
∞∑
t=0
Γ ( 2t+12 + 1p + 1)
Γ ( 2t+12 )Γ (
1
p + 1)
x2t +
∞∑
t=0
Γ (t + 1p + 2)
Γ (t + 1)Γ ( 1p + 1)
x2t+1
=
∞∑
t=0
Γ (t + 1p + 32 )
Γ (t + 12 )Γ ( 1p + 1)
x2t + x
Γ ( 1p + 1)
· Γ (
1
p + 2)
(1− x2) 1p +2
where zw¯ ∈ D , the unit disc. Now we set p = 2 and get
π
2
K2,2(z, w¯) =
∞∑
t=0
Γ (t + 2)
Γ (t + 12 )Γ ( 32 )
x2t + 3x
2(1− x2)5/2 .
Observe that the ﬁrst term of the above formula can be represented as a hypergeometric function, namely,
∞∑
t=0
Γ (t + 2)
Γ (t + 12 )Γ ( 32 )
x2t = 2
π
F
(
2,1; 1
2
; x2
)
where F (a,b; c; z) is the Gaussian hypergeometric function deﬁned by
F (a,b; c; z) =
∞∑
n=0
(a)n(b)n
(c)n
zn
n! , c = 0,−1,−2, . . .
and (a)n = a(a + 1) · · · (a + n − 1) is called Pochhammer symbols.
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function,
F
(
2,1; 1
2
; z
)
= ∂
∂z
(
zF
(
1,1; 1
2
; z
))
,
F
(
1,1; 1
2
; z
)
= (1− z)−1 + √z(1− z)−3/2 sin−1(√z),
where we take the principal values of the square root and arc-sin function. That is
K2,2(x) := K2,2(z, w¯) = 3x(π + 2arcsin x)
π2(1− x2)5/2 +
2(2+ x2)
π2(1− x2)2 .
So it is very interesting to consider whether this non-algebra complex-valued function K2,2(x) admits zeroes that lie
inside the unit disk D .
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